ABSTRACT. In this paper, we mainly announce the result: every Siegel-Hilbert cuspform of weight divisible by 4h and of square-free level relative to certain congruence subgroups is a linear combination of theta series.
INTRODUCTION
Theta series provides one of the two most explicit ways to construct holomorphic modular forms. The other way is by Eisenstein series. A virtue of theta series is that they are given in their Fourier expansions, with integral coefficients each of which is the number of lattice points of a certain length. One of the historic motivations to study modular forms was to study theta series. On the other hand, some modular forms, like the discriminant function A(z) of elliptic curve given by the lattice Z + Zz, are linear combinations of theta series. Indeed, where 0 x (z) and 0 2 (z) are theta series attached to the quadratic lattices T 24 and T 8 e T 8 e T 8 respectively, see [Se] . Since the Fourier coefficients of A(z) are the famous Ramanujan partition numbers r(n), (1) gives intrinsic relations between the partition numbers and the numbers of lattice points of certain lengths. This naturally leads to the so-called basis problem: Which modular forms are linear combinations of theta series and how to express them? In the light of Klingen's work on the decomposition of the space of modular forms as direct sums of subspaces of Eisenstein liftings of cuspforms (see [Kl] for the case of Siegel modular forms), the problem is reduced to a problem regarding cuspforms.
Solution of the basis problem has additional significance. Since the linear space of modular forms of a given level and a given weight decomposes into an orthogonal sum of a subspace of cuspforms and a subspace of Eisenstein series [Kl] , the basis problem is actually a problem that asks whether theta series together with Eisenstein series are enough to generate all the modular forms (linearly). Particularly, if a cuspform is a linear combination of theta series with explicit coefficients c x , ... , c r , its Fourier coefficients are in the Z-lattice generated by c x , ... , c r . To solve the basis problem is to determine the subspace generated by theta series. For such a subspace, it is interesting to study the integrahtity of the Fourier coefficients and special values of L-functions attached to its elements. In the case of Siegel modular forms, if O is the Siegel operator [Kl] , its kernel is the space of cuspforms. It is proved by Freitag [Fr] that ƒ has a preimage by O if and only if ƒ is a linear combination of theta series. Hence a solution to the basis problem regarding Siegel modular forms provides a determination of the image of O, which is important in the study of Siegel modular forms.
The basis problem for elliptic modular forms has been studied in great detail by many mathematicians, among them are Hecke [He] , Eichler [Ei] , Waldspurger [Wa] and Hijikata, Pizer and Shemanske [HPS] . In [HPS] , there are so far the most general results on the basis problem for elliptic modular forms. The basis problem for other modular forms has attracted attention recently. The problem for Hubert modular form and for modular forms over GL(2) can be solved by using the theory of 'newforms,' as it has been done for elliptic modular forms [Wa] . For Siegel modular forms, Ozeki [Oz] , Weissauer [Wr] , Böcherer [Bö] among others have achieved the same results in the case of level one. Böcherer has shown that every Siegel modular form of weight divisible by 4 is a linear combination of theta series with explicit coefficients, see [Bö] . T. Finnegan [Fi] generalized Böcherer's method and extended the results to the case of Siegel-Hilbert modular forms. (In contrast to Siegèl modular forms for Sp(«, Q), a Siegel-Hilbert modular form is a modular form for Sp(«, F), where F is a totally real number field.) He had to assume that the ground field has narrow class number 1. However, there has been no result regarding the basis problem for Siegel modular forms of higher levels. Indeed, Böcherer pointed out in [Bö] that since there is not a proper extension of the theory of newforms in the case of Siegel modular forms, the problem for higher levels cannot be done in the same way as for elliptic modular forms of higher levels.
The main purpose of this paper is to announce a result which solves the basis problem for Siegel-Hilbert modular forms of square-free levels (relative to certain congruence subgroups).
THE RESULTS
Let F be a totally real number field, 0 F be its ring of integers and n a square-free ideal in 0 F . Let h be the narrow class number of F. Let r 0 (n) be the congruence subgroup of Sp(«, O F ) defined as
Let K be a positive integer greater than (n + l)/4h. Let p be a Dirichlet character of conductor n. Denote by C^h K (T 0 (n), p) the space of holomorphic Siegel-Hilbert modular cuspforms ƒ of weight 4/z/c of degree n , which transform under r o (n) by In expressing such a cuspform as a linear combination of theta series, the linear coefficients are determined by a certain finite set of the Fourier coefficients of the cuspform in a way which is made explicit in the proof.
We also extend the results achieved by Finnegan [Fi] for SiegelHilbert modular forms of level one by removing the class-numberone condition on the ground field. Denote by A/^^Sp^, O F )) the space of holomorphic modular forms of level one of degree n . We have the following theorem.
Theorem 2. Every modular form in M% hK (Sp(n, O F )) is a linear combination oftheta series attached to quadratic forms in a genus of a certain totally positive-definite quadratic form.

SKETCH OF THE PROOF
The two main ingredients in the proof are a decomposition formula and the Siegel-Weil formula [We2] . The idea to apply these two ingredients to study the basis problem is due to Böcherer. We proceed in an adelic way. By the strong approximation property of the symplectic groups [Kn] , nothing is lost by doing so.
Let m = Shfc. We construct a totally positive-definite symmetric m x m matrix Q whose determinant is a square in F x and which has 'level one.' Here by 'level one' we mean that for each finite place p, x l Qx e 20* for all x e M ml (0) and if x g M mX (Oç), there exists y e Af ml (0 ) for each place p of F and each eigen-cuspform of the spherical Hecke algebras at good primes, where rj^ is a partial coefficient function of the p-component of the Weil representation r A Q on the space generated by the Bruhat-Schwartz function cp , and \\ is an involutional operator defined on the space of SiegelHilbert modular forms, 1 < r <* n. For the archimedean part, the computation is standard. For the good primes, we choose cp to be the characteristic function of M mn (O p ) and apply the Satake map [Sa] to evaluate the integral (3). In a general decomposition of Eisenstein series, the bad-prime part plays a vital role. We achieve our explicit decomposition formula by constructing an adroit Schwartz-Bruhat function at bad primes. Such a function at a bad prime p makes the partial coefficient function rj^ = 0 when r < n and that t] p has compact support
f° ( We obtain an explicit decomposition formula which we state as a theorem below. where 0(Q, ) is the orthogonal group of Q. By a theorem due to Borel and Harish-Chandra [B-H] , the totally positive definite condition of Q implies that the integral is actually a finite sum. Combining the above and using a simple fact that a pullback (as above) of a theta series on a bigger group is a sum of products of theta series on smaller groups, we have that
is a linear combination of products of theta series on variables g x , g 2 attached to quadratic forms in the genus of Q. Then by an elementary linear algebra argument we obtain the proof of our Theorem 1.
Our proof for Theorem 2 is similar to that of Theorem 1. The decomposition formula that we have obtained and use to prove Theorem 2 appears in the same form as the one in [Fi] , but is proved here under no conditions on the ground field F .
Full details will appear elsewhere [Ku] . REMARKS 1. We can apply our decomposition formulas and the Siegel-Weil formula to reprove a theorem originally due to Shimura [Sh] and generalized by Garrett [Ga2] : for the space C^h K (T 0 (n), p), there exists an orthogonal basis with integral Fourier coefficients. Beyond this result, we have an assertion not found in [Sh] and [Ga2] : for a given cuspform ƒ with rational coefficients, there is effective bound for the denominators of its Fourier coefficients, arising from S{ƒ)/(ƒ, ƒ) and from an invariant attached to the space.
2. A key point in successful treatment of the congruence subgroup r o (n) is the construction of the Bruhat-Schwartz function such that the Y]^ has compact support l\{p). Construction of such BruhatSchwartz functions for other types of congruence subgroups (with specified character) would yield the same results for those congruence subgroups.
3. Our method is readily applied to solve the same problem for modular forms on classical rational tube-type domains such as Hermitian modular forms and quaternion modular forms.
